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A METHOD TO APPROXIMATE A SPATIAL SURFACE USING A BEZIER BI-CUBIC SURFACE

ABSTRACT. The paper presents a method to approximate a suite of points, obtained through a digitizing process of a 3D shape, either concave or convex, limited by 4
3D curves, with a Bézier bi-cubic surface. In obtaining the method, the curves and Bézier bi-cubic surfaces have been defined as: a 3D Bézier bi-cubic curve can be
defined by using four control points, two of them fixed (called knots) and the other two placed on the tangents drawn from the curve to each knot (called control
points); a Bézier bi-cubic surface can be defined using 16 points placed as follows: 4 points are the limits of the curves that limit the surface (the knots), 12 points are
placed on the tangents to the 4 marginal curves drawn from the knots and other 4 points are situated on the tangents from the knots to the surface (called surface
control points). This paper presents the development of a new method for defining the control points on the tangents (to the group of points that define the
marginal curves, and to the suite of points from the inner domain limited by the 4 curves) with the forming of that Bézier bi-cubic surface, whose maximum point
passes through the maximum point of the initial point set.
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APROXIMAREA FORMEI SPATIALE A CALAPODULUI CU SUPRAFETE BICUBICE BEZIER

REZUMAT. n prezenta lucrare este prezentatd o metoda pentru aproximarea suprafetei spatiale a calapodului, format ,,nor de puncte”, cu suprafete bicubice Bézier.
La baza metodei stau tehnici de modelare a unei multimi de puncte, apartinand unei forme tridimensionale concave sau convexe, marginitd de 4 curbe 3D, cu o
suprafata bicubica Bézier, cum ar fi: o curba bicubicd Bézier 3D este definita prin intermediul a 4 puncte de control: doua fixe, numite noduri, i alte doua care se
pozitioneazd pe tangentele duse la curba din fiecare nod, numite puncte de control; o suprafatd bicubicd Bézier este definita prin intermediul a 16 puncte
pozitionate astfel: 4 puncte sunt extremitatile curbelor ce marginesc suprafata, numite noduri, 12 puncte sunt situate pe tangentele la cele 4 curbe marginale duse
din noduri si alte 4 puncte sunt situate pe tangentele din noduri la suprafata (multimea punctelor) de aproximat, numite punctele de control ale suprafetei. n
lucrare se elaboreaza o metoda originala pentru precizarea punctelor de control ce apartin tangentelor la multimea punctelor ce definesc curbele marginale si la
multimea punctelor din interiorul domeniului marginit de cele 4 curbe, cu generarea acelei suprafete bicubice Bézier a carui punct trece prin punctul de maxim al
multimii punctelorinitiale.

CUVINTE CHEIE: curbd, suprafata, nod, tangentd, punct.

L'ESTIMATION DE LA FORME SPATIALE DU MOULE DE CHAUSSURE A L'AIDE DES SURFACES BI-CUBIQUES BEZIER

RESUME. Dans cet article on présente une méthode pour I'estimation de la surface spatiale du moule de chaussure, un « ensemble de points » avec des surfaces bi-
cubiques Bézier. La méthode est fondée sur des techniques de modélisation d'un ensemble de points appartenant a une forme tridimensionnelle concave ou
convexe, délimitée par 4 courbes 3D, avec une surface bi-cubique Bézier, telle que: une courbe bi-cubique Bézier 3D est définie par I'interméde de 4 points de
controle: 2 points fixes, appelés noeuds, et deux positionnés sur les tangentes tracées a la courbe de chaque nceud, appelées points de contréle; une surface bi-
cubique Bézier est définie par 16 points positionnés comme suit: 4 points sont les extrémités des courbes qui délimitent la surface, appelés noeuds, 12 points sont
situés sur les tangentes aux 4 courbes marginales tracées des noeuds et autres 4 points sont situés sur les tangentes de nceuds sur la surface (I'ensemble de points) a
estimer, appelés les points de contrdle de la surface. Dans I'article, on développe une méthode originale pour spécifier les points de contréle qui appartiennent aux
tangentes a I'ensemble des points définissant les courbes marginales et I'ensemble de points a l'intérieur de la zone délimitée par les 4 courbes, en générant la
surface bi-cubique Bézier dont le point passe par le point de maximum de I'ensemble initial de points.

MOTS CLES: courbe, surface, nceud, tangente, point.

INTRODUCTION

Using the computer to design a three-
dimensional body involves the most advanced
designing techniques, starting with the definition of its
spatial geometry to obtaining the final numerical
formula [2]. These activities are required for
developing a tool for designing irregular 3D shapes and

INTRODUCERE

Proiectarea unui corp tridimensional, cu ajutorul
calculatorului, cuprinde cele mai avansate tehnici, de la
definirea geometriei formei spatiale pana la obtinerea
formei numerice finale. Aceasta activitate este necesara
pentru elaborarea unui instrument de lucru in sesiuni de
proiectare a formelor spatiale 3D neregulate si pentru

* Correspondence to: Mariana DRISCU, “Gh. Asachi” Technical University, lasi, Faculty of Textile-Leather and Industrial Management, Section: Technology and
design of leather and replacement products,53 D-trie Mangeron St., Tex 6 building, lasi-700050, email: mcocea@tex.tuiasi.ro

Revista de Pielarie Incaltaminte 10 (2010) 2




M. DRISCU

also for developing prototypes with computer
controlled machines.

Designing a spatial shape in assisted sessions is
reduced to a problem of interpolation of the spatial
shapes:

- given afinite number of points on the surface or
in its surrounding area, the series of points must be
approximated by using interpolated surfaces. Finally,
the result: a numeric pattern, must be as close as
possible of the real formula.

The paper introduces a methodology for the
approximation of a group of points to a concave-convex
surface, a portion of a 3D body that has to be modeled
on computer using a method based on Bézier bi-cubic
surfaces.

In the literature some fitting methods of the
point sum are elaborated with interpolator functions
such as: Spline, B-spline, Hermite, and Bézier. This
domain was studied and is studied by specialists in
computer-assisted graphics. For example, Jaroslav
Makerle, in the paper '2D and 3D finite element
meshing and remeshing’, A bibliography (1990-2001),
presents approximately 1727 paper titles that
comprise modeling techniques of the irregular and 2D
and 3D shapes [1].

To model the spatial shape of the last,
interpolating Bézier functions are used in the paper.
These generate 3D surfaces frequently used in
computer-assisted graphics.

The first user of these surfaces is French
engineer Pierre Bézier, who defined and applied them
in 1962 in automobile designing [3]. Due to their large
possibilities of utilization and their flexibility and
properties, these functions have been used in different
applications of 2D and 3D modeling [4, 5]. The
modeling method of these curves in designing varies
from user to user [6, 7, 9, 12]. Another method similar
to the one proposed, to approximate an irregular
margin numerical digitized through digitization, is
presented [10], in paper: 'Curvature and the fairness of
curves and surfaces'.

The method can be used to approximate
portions of a 3D body [9, 11, 12]. For this, we must set
the limits of concave-convex shapes limited by 4 curves
on the body's surface, to create the numeric pattern of
the surface. Afterwards, approximate each elementary
surface with a Bézier bi-cubic surface with the

realizari de prototipuri cu masini CNC.

Proiectarea unei forme spatiale in sesiuni asistate
este, de fapt, o problem de interpolare a formelor spatiale
anume:

- se cunoaste un numr finit de puncte apartinand
geometriei formei culese de pe suprafata acesteia sau n
imediata sa vecindtate; 4se aproximeaza multimea
punctelor, cu suprafete interpolatoare, astfel incat
modelul numeric obtinut s fie cat mai aproape de forma
real.

Lucrarea cuprinde o metodologie pentru
aproximarea unei multimi de puncte apartinand unei
suprafete, concave sau convexe, parte a unui corp 3D ce
trebuie modelat Tn sesiuni asistate de calculator, cu
suprafete bicubice Bézier.

in literatura de specialitate sunt elaborate o serie
de metode de potrivire (modelare) a multimii acestor
puncte cu functiiinterpolatoare cum ar fi: Spline, B-spline,
Hermite, Bézier. Acest domeniu a fost si este mult studiat
de specialistii Tn grafica asistata de calculator. Exemplu:
Jaroslav Mackerle, in lucrarea 2D and 3D finite element
meshing and remeshing, A bibliography (1990-2001),
prezinta aproximativ 1727 de titluri de lucrari ce cuprind
tehnici de modelare a formelor neregulate bi si
tridimensionale [1].

Pentru modelarea formei spatiale a calapodului, in
lucrare se utilizeaza functii interpolatoare Bézier. Acestea
genereaza suprafete 3D utilizate curent n grafica asistata
de calculator.

Primul utilizator al acestor suprafete este inginerul
francez Pierre Bézier, care le-a definit si aplicat in anul
1962 la proiectarea automobilelor [3]. Datorita
posibilitatilor largi de utilizare ale acestora, precum si
flexibilitatii si proprietatilor sale, aceste functii au fost
utilizate in diverse aplicatii de modelare tridimensionala
[4, 5]. Metoda de aplicare a acestor functii in proiectare
este diferita de la utilizator la utilizator [6, 7, 9, 12]. O
metoda similara celei propuse, pentru aproximarea unui
contur neregulat discretizat numeric prin digitizare, este
prezentata in lucrarea Curvature and the fairness of
curves and surfaces'[10].

Metoda poate fi aplicata pentru aproximarea unui
corp 3D pe portiuni [9, 11, 12]. Pentru aceasta, se
delimiteaza pe suprafata corpului forme concave,
convexe, marginite de patru curbe, se creeaza modelul
numeric al suprafetei de aproximat si fiecare suprafata
elementara se aproximeaza cu o suprafata bicubica Bézier
de coordonate x(s,t), y(s,t), z(s,t).

n lucrare se elaboreazi metoda de aproximare a
unei suprafete elementare ce indeplineste urmatoarele
conditii: este marginita de 4 curbe si punctele ce urmeaza
sa se aproximeze apartin domeniului definit de cele 4
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coordinates x(s,t), y(s,t), z(s,t).

The surface approximated in this paper has the
following characteristics: it is limited by 4 curves and
the points to be approximated belong to the domain
defined by the 4 curves.

curbe.

Pentru aceasta se vor prezenta tehnici de obtinere a
curbelor bicubice Bézier, bi si tridimensionale, si a
suprafetelor bicubice Bézier cu posibilitatea utilizarii
acestora pentru aproximarea unei multimi de puncte
apartinand unor curbe si suprafete neregulate.

Figure 1. A spatial surface of numerical moldings
Figura 1. Forma spatiala definitd de 4 curbe si o multime de puncte

Further on, we present techniques for obtaining
Bézier bi-cubic surfaces, to further serve to
approximate a group of points belonging to curves and
irregular surfaces.

First, we determine the group of points
belonging to the marginal curves and to the points
limited by these curves (Fig. 1).

THE DEVELOPMENT OF THE NUMERIC PATTERN OF
THE APPROXIMATED SURFACE

A concave or convex spatial surface limited by 4
curves is given (Fig. 1). The numeric pattern of the
surface can be determined as follows:

- we digitize the surface's angles and the edges of
the marginal curves of the surface (the surface's knots);

-we digitize the points belonging to the surface's
edges;
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Multimea punctelor apartinand curbelor
marginale ale suprafetei de aproximat si a punctelor
marginite de aceste curbe se obtin in sesiuni de
modelare numericd a unui corp tridimensional (Fig. 1).

ELABORAREA MODELULUI NUMERIC AL SUPRAFETEI
DE APROXIMAT

Se considera o suprafata spatiala concava sau
convexa marginita de 4 curbe (Fig. 1). Modelul numeric
al suprafetei se creeaza astfel:

- se determina valoarea numerica a colturilor
suprafetei, extremitatile curbelor marginale ce vor
constitui nodurile suprafetei;

- secvential, se discretizeaza intr-o succesiune de
puncte curbele ce formeaza marginile suprafetei;
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-last, we digitize points belonging to the surface.

The points thus obtained will be approximated
with a Bézier bi-cubic surface, with the coordinates
X(s,t), y(s,t), z(s,t).

Bézier bi-cubic surfaces can approximated a
group of points belonging to a three-dimensional
surface, with a single parametrical function of two
variables, sandt, inthe form of x(s,t), y(s,t), z(s,t).

Next we will present bi- and three-dimensional
Bézier bi-cubic curves, and the methods for obtaining
the control points as well as the surface that
approximates the digitized group of points.

2D Bézier bi-cubic curves

A bi-dimensional Bézier curve is defined by 4
points [13]:
e 2 points situated to the curve's limits (the knots),
are marked (x,, y,) and (x,, y,) in the graphic.
e 2 other points situated on the tangents drawn
from the curve, in the knots, named control points:
(Xll yl) and (Xz, yz) (Flg 2)
A point from the curve has the coordinates: x(t),
y(t), forming 2 bi-cubic polynoms:

x(t) = at’™+b t’+c t+d,
y(t) = a,t'+b t'+c t+d,

(1)

(%0-0)

\‘P(x(t),y(t))

-n continuare se discretizeaza intr-o multime de
puncte suprafata marginita de cele 4 curbe.

Punctele astfel obtinute se vor aproxima cu o
suprafata bicubica Bézier de coordonate x(s,t), y(s,t),
z(s,t).

Se utilizeaza aceasta metoda deoarece, cu
suprafete bicubice Bézier, se poate aproxima o multime
de puncte apartinand unei suprafete tridimensionale,
cu o singura functie parametrica de doua variabile s si t
deformax(s,t), y(s,t), z(s,t).

In continuare se va proceda la o succintd
prezentare a curbelor bicubice Bézier bi si
tridimensionale si a metodelor de obtinere a punctelor
de control si a suprafetei riglate ce aproximeaza
multimea de puncte digitizata.

Curbe bicubice Bézier 2D

O curba bicubica Bézier bidimensionala este
definita de patru puncte [13]: doua puncte situate la
capetele curbei, numite noduri notate (Fig. 2) (x,, Y,) Si
(x5, y5) si alte doud puncte situate pe tangentele duse la
curba, in noduri, numite puncte de control: (x,, y,) si (X,,
Y,)-

Un punct oarecare de pe curba, P, are
coordonatele x(t), y(t) de forma a doua polinoame
bicubice:

(1)

(%2.¥2)

(% ¥3)

Figure 2. A bi-dimensional Bezier curve
Figura 2. Curba Bézier bidimensionala
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The coefficients of the 2 polynoms are
represented considering the coordinates of the 4
points, in the following mathematical equations:

dx=X0
Cx=3(X1-Xo)
bx=3(X2'X1)'Cx
A,=X3-X1-Cy-by

Consequently, the coordinates of a certain
point of the curve can be obtained using the 2 knots and
the other 2 control points. The matrix shape of these is:

x(t)=[X][B][T]'

where:

Coeficientii celor doua polinoame se reprezinta
in functie de coordonatele celor patru puncte sub
forma:

dy=y0
¢y=3(y1Xo)
by=3(y2'y1)'cy
ay=Y3-Y1-Cy- I:)y

Astfel, coordonatele unui punct al curbei pot fi
obtinute prin intermediul celor doua noduri si al celor
doua puncte de control. Forma matriceald a acestora este:

[X]=[xo X1 X2 X3]

[YI=[yo y1 Y2 V3l

T]=[t t* t 1]

'
[ w w

called the Bézier matrix and t, a parameter of the
interval [0,1].

The method for obtaining the Bézier curves
allows[11,12]:

1. Several curves can be defined between 2
points.

Thus, a succession of Bézier curves may be
drawn by two points and selecting the one that
approximates with the highest precision a point set
whose coordinates are frequently placed between the
2 knotsis selected.
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o O w w

y(t)=[Y1[B][T] (3)
unde:
(4)
1
0
0 (5)
0

numita in literatura de specialitate matricea Bézier sit,
un parametru apartinandintervalului [0,1].

Metoda de obtinere a curbelor Bézier permite
urmatoarele[11, 12]:

1. Intre doud puncte (noduri) se pot defini mai
multe curbe. Aceasta posibilitate conduce trasarea prin
doud puncte a unei succesiuni de curbe Bézier si
selectarea aceleia care aproximeaza cu cea mai mare
precizie un nor de puncte ale cdror coordonate se
pozitioneaza, cel maifrecvent, intre cele doud noduri.
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2. Their analytic and graphic shape will
determine the position of the control points, situated
on the 2 tangents drawn to the curve. So, we can obtain
concave or convex curves, if the control points are
placed on the same side of the cord, and
concave/convex curve if the control points are placed
on both sides of the cord.

3D Bézier bi-cubic curves

A 3D Bézier bi-cubic curve is defined similar to
the 2D Bézier bi-cubic curve. This is defined by 4 points,
2 of them are fixed (knots) and the other 2 points are
situated on the tangents to the curve from knots
(control points). A point from the curve will have the
coordinates x(t), y(t), z(t), according to the following
equation:

x(t)=[X1[BI[T]"

where the matrices [X], [Y], [B], [T] have the same
significance as in the previous paragraph and [Z] is the
coordinates' vector of the 4 points:

y(t)=[Y1[BI[TT'

2. Forma analitica si grafica a acestora va fi
determinata de pozitia punctelor de control situate pe
cele doud tangente trasate la curba. Astfel, se pot
obtine: curbe concave sau convexe, daca punctele de
control se pozitioneaza de aceeasi parte a corzii si curbe
concav/convexe daca punctele de control se
pozitioneaza de o parte si alta a corzii.

Curbe bicubice Bézier 3D

O curba bicubica Bézier 3D se defineste similar cu
o curba bicubica Bézier 2D. Aceasta este definitd de 4
puncte, din care doua puncte fixe, noduri si alte doua
puncte, situate pe tangentele la curba, din noduri,
numite puncte de control. Un punct oarecare al curbei
va avea coordonatele x(t), y(t), z(t), a carei forma este
datd derelatiile:

2(t)=[Z1[B]([TT' (6)

unde matricele [X], [Y], [B], [T] au aceeasi semnificatie
ca 1n paragraful anterior si [Z] este vectorul
coordonatelorzale celor4 puncte:

[Z] =1z, 2, 2, 2] (7)

Similar to the observation presented in the
previous paragraph, a 3D Bézier curve set can be drawn
through 2 points defined by 2 fixed points and 2 other
points situated on the tangents to the curve in the 2
points. This feature can be used to approximate group
of points belonging to a three-dimensional curve with a
Bézier curve.

BEZIER BI-CUBIC SURFACES

A spatial surface is formed by 2 curve families
C, D of x(t), y(t), z(t) and x(s), y(s), z(s) equations
respectively, in which s and t variables vary in the [0,1]
domain. The two curve families define a bi-cubic
surface in space. A point from the spatial surface has
the P(x(s,t), y(s,t), z(s,t)) coordinates.

In the reference literature [10, 11, 12, 14] a
Bézier bi-cubic surface is defined by 16 control points
whose position can be seenin Figure 3.

Similar observatiei prezentate 1n paragraful
anterior, prin doua puncte se pot trasa o multime de
curbe Bézier 3D, definite de doua puncte fixe si alte
douad puncte situate pe tangentele la curbadin cele doua
puncte. Aceastd proprietate poate fi utilizatd in
aproximarea unei multimi de puncte apartinand unei
curbe tridimensionale cu o curba Bézier.

SUPRAFETE BICUBICE BEZIER

O suprafata spatiala este formata din doua familii
de curbe, Csi D, de ecuatii x(t), y(t), z(t), respectiv x(s),
y(s), z(s), ale caror variabile, s si t, variaza in domeniul
[0,1]. Cele doua familii de curbe definesc o suprafata
bicubica in spatiu. Un punct oarecare de pe o suprafata
spatiala are forma P(x(s,t), y(s,t), z(s,t)).

n literatura de specialitate [10, 11, 12, 14], o
suprafata bicubica Bézier este definita de 16 puncte de
control a caror pozitie poate fi urmarita in Figura 3.
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Figure 3. A Bezier bi-cubic surface
Figura 3. Suprafata bicubica Bézier

Forma matriceald a coordonatelor unui punct P

The matrix shape of a point's P coordinates . S . .
P P aluneisuprafetei bicubice Bézier este urmatoarea:

belonging to a Bézier bi-cubic surfaceis the following:

x(s,t)=[SI[BIIX][BI'[TT" y(s,t)=[SI[BIIYI[BI[T] z(s,t)=[S](B](ZI[B][T] (8)
where unde
-[S1=[s’ s s 1], [T]=[t’ t* t 1], [B] - the Bézier matrix -[S1=[s° s* s 1], [TI=[t° t* t 1], [B] — matricea Bézier
presented in the previous paragraphand prezentatain paragraful anterior
- [X] [Y], [Z] the matrix of the coordinates of the 16 - [X], [Y], [Z] matricea coordonatelor celor 16 puncte
control points: de control de forma:

0,0 "0,1 "0,2 70,3

1,0 “1,1 "1,2 "1,3

2,0 72,1 72,2 72,3

73,0 73,1 73,2 73,3 ]

The form of [Y] and [Z] matrices is similar to Forma matricelor [Y] si [Z] este similara cu cea a
that of matrix [X]. matricei [X].
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-the point's limits belonging to the curves will be
the network's knots: P, P,, P,, P;

- from each knot we draw tangents to the set of
points that limit the domain's endings and placed the
two control points on the tangents: P,,, P,,, P.,, P.,, P,.,
P,y Psu Py

- from each knot we will draw tangents to the set
of points belonging to the interior of the domain
limited by points of the 4 curves; we will place 4 other
control points on the tangents: P, P,, P,,, P.,, P.,.

A set of Bézier surfaces will result from varying
the position of the 12 control points [12]. Only one
Bézier surface will best approximate the initial point
set.

In what follows, we will develop the following
methods:

- the method for obtaining a tangent from a set
of points belongingtoacurve;

- the method for obtaining a tangent from a set
of points belongingtoadomain;

- the method for determining the 12 control
points situated onthe 12 tangents;

- the method for determining the points of the
Bézier surface;

- determining the surface that covers the initial
set of points.

Obtaining the equation of a tangent from a set of
points belongingto a curve

The tangent's equation from a point to a set of
points that approximate a curve is determined as
follows:

- we draw a plan parallel with the xOy plane
through each knot;

- we join the point (the surface's knot) with each
pointonthe curve;

- we determine the angle between the segment
that unites the two points and its projection on the
previously built plane:

- extremitatile punctelor apartinand curbelor
vor constitui nodurile retelei punctelor P, P, P,, P;

- la multimea punctelor ce delimiteaza marginile
domeniului, din fiecare nod, se vor trasa tangentele pe
care se vor pozitiona cate doua puncte de control,
respectiv punctele: P, P,,, P,,, P.,, Puy, Payy Payy Pass

- la multimea punctelor apartinand interiorului
domeniului delimitat de puncte ale celor 4 curbe, din
fiecare nod, se vor trasa pe tangente, pe care se vor
pozitiona alte 4 puncte de control, respectiv punctele:
POlI POZ' Plll PlZ' PZU PZZ' P31l P32'

Variind pozitionarea punctelor de control pe cele
12 tangente precizate, se obtine o multime de
suprafete Bézier, dintre care una va aproxima multimea
initiala a punctelor.

Tn continuare se vor elabora urmétoarele
metode:

- metoda de obtinere a tangentei dintr-un punct
la o multime de puncte apartinand unei curbe;

- metoda de obtinere a tangentei dintr-un punct
la o multime de puncte apartinand unui domeniu;

- determinarea celor 12 puncte de control situate
pe cele 12 tangente;

- determinarea punctelor suprafetei Bézier;

- gasirea acelei suprafete care acopera multimea
initiala a punctelor.

Obtinerea ecuatiei tangentei dintr-un punct la o
multime de puncte apartinand unor curbe

Ecuatia tangentei dintr-un punct la o multime de
puncte ce aproximeaza o curba se determina astfel:

- prin fiecare nod se traseaza un plan paralel cu
planul xOy;

- se uneste punctul — nodul suprafetei — cu
fiecare punctal curbei (Fig. 5);

- se determina tangenta unghiului si unghiul
format dintre segmentul de dreapta ce uneste cele
douad puncte si proiectia lui pe planul construit:

Zy

Z. -
alfa = atn ——— (10)

dist
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An analysis of the 16 points that define a Bézier
bi-cubic surface, allows the establishment of their
position, the same with position of the Bézier curves. A
Bézier bi-cubic surface is defined by fixed points (knots)
and control points. Consequently, these 16 points that
define the Bézier bi-cubic surface can be placed as
follows:

- 4 points, the limits of the surface—the knots;

- 8 points situated on the tangents to the
marginal curves of the surface, drawn from each knot;

- 4 points situated on the tangents from each
knot to the point set belonging to the approximated
domain.

Approximating a set of points with a Bézier bi-cubic
surface

The method of definition of the Bézier surfaces
suggested the following problem:

A spatial set of points, limited by points of 4
curves, can be approximated with a Bézier bi-cubic
surface (Fig. 4). To determine the 16 control points, the
set of points that has to be approximated will be used as
follows:

O analiza a pozitiei celor 16 puncte ce definesc o
suprafata bicubicd Bézier permite precizarea pozitiei
acestora, analog cu a curbelor bicubice Bézier. Se poate
considera ca o suprafata bicubica Bézier este definitd de
puncte fixe, noduri si puncte de control. Astfel, cele 16
puncte necesare definirii unei suprafete bicubice Bézier
pot fi pozitionate astfel:

- 4 puncte constituind extremitatile suprafetei —
nodurile;

- 8 puncte situate pe tangentele la curbele
marginale ale suprafetei, trasate din fiecare nod;

- 4 puncte situate pe tangentele, din fiecare nod,
la multimea punctelor apartinand domeniului de
aproximat.

Aproximarea unei multimi de puncte cu o suprafata
bicubica Bézier

Modul de definire a suprafetelor Bézier a sugerat
urmatoarea problema:

O multime de puncte spatiale, marginite de
punctele a 4 curbe, poate fi aproximatd cu o suprafata
bicubica Bézier (Fig. 4). Pentru determinarea celor 16
puncte de control, multimea punctelor ce urmeaza sa se
aproximeze se va folosi astfel:

Figure 4. The position of the knots and of the control points for creating a Bézier bi-cubic surface
Figura 4. Pozitia nodurilor si a punctelor de control pentru crearea unei suprafete Bézier
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where:

- Z,—thecoordinate of the knot

- Z,—thecoordinate of the curve

- dist—the distance between the points P(x,,v,, z,)
and P(x,, y., z.) and the xOy plane

unde:

- Z,—coordonata primuluinod

- Z,—coordonata Z a unui punct apartinand unei
curbe marginale (C) definita de n_puncte (Fig. 4).

- dist, distanta dintre proiectia celor doua puncte
P(x.,V.,Z.)si P(X., Y., Z;) pe planul xOy.

dist =:\/<xci - Xn>2+ <yci - yn>2 (11)

- we select the larger angle from all the angles
thatresulted.

The segment corresponding to this angle
represents the tangent from a knot to the succession of
points that approximate a limit of the surface.

If we consider the knot, the point where will start
the tangent with the coordinates (x,, y,, z,) and a point
of the border curve with the coordinates (x.., Yon Zen),
the equation of the tangent drawn to the set of points
can be descried by the following equation:

X-Xn Y-Y,

- din multimea unghiurilor obtinute se selecteaza unghiul
cel maimare;

Segmentul de dreapta corespunzator acestui unghi
reprezinta tangenta dintr-un nod la succesiunea de
puncte ce aproximeaza o margine a suprafetei de
aproximat.

Daca consideram nodul, punctul din care urmeaza
sa se traseze tangenta, de coordonate (x,, Y,, Z,) §i un punct
al curbei marginale, de coordonate (x,, V.., Z..), €cuatia
tangentei dusa la multimea punctelor unei curbe va avea
forma:

-7,

Xcm'XO ch'YO

where (X, Y
toacurve.

Z_.), represents the point set belonging

cm/’

Z
4

(%o

Sy
2
ey

(Xn:Yo) |

X

= (12)
Zcm'ZO

cu i=1.n, unde n_ reprezintd multimea punctelor
apartinand uneicurbe.

(Xci’Yci’Zci)

(Fenls) \ Y

Figure 5. Determining the tangent's equation from a point to a set of points that approximate a curve
Figura 5. Determinarea ecuatiei tangentei la o curba definita printr-o multime de puncte
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Determining the equation of the tangent from a point
to a set of points belonging to a domain limited by 4
curves

The method for the determination of a tangent
from a point (more precisely, from the knot of the
network) to a set of points belonging to a domain
limited by 4 curvesis similar to the one presented in the
previous paragraph.

-we establish a point, one of the network's knots;

- we unite an extreme point of the surface, a
knot, with each point belonging to the interior of the
domain, limited by the 4 curves;

- we determine the maximum angle of the
segments defined using a plan parallel with the xOy
planthroughthe chosenknot;

- we write the equation line, whose form is
similar with the one presented in the previous
paragraph;

Thisis the equation of the tangent from a point to
the set of points that resulted after the discretization of
asurface.

Determining the control points situated on a tangent

In the previous paragraphs we presented a
method for determining the tangents to the set of
points. Every point from one of the tangents can be
considered a control point of the Bézier surface. The
general shape of the coordinates of these points is
given by therelation:

XX, _ Y-,

Obtinerea ecuatiei tangentei dintr-un punct la o
multime de puncte apartinand unui domeniu marginit
ded4curbe

Metoda de obtinere a tangentei dintr-un punct,
respectiv nod al retelei, la o multime de puncte
apartinand unui domeniu marginit de 4 curbe este
similara celei prezentate in paragraful anterior, dupa cum
urmeaza:

- seconsideraun punct, unuldin nodurile retelei;

- se uneste un punct extrem al suprafetei, un nod,
cu fiecare punct al multimii punctelor din interiorul
domeniului marginit de cele 4 curbe;

- se determind unghiul maxim al segmentelor
astfel definite cu planul paralel cu xOy prin nodul ales;

- se scrie ecuatia dreptei a carei forma este
similard cu cea prezentata in paragraful anterior, ce
reprezinta ecuatia tangentei dintr-un punct la o
suprafata discretizata intr-o multime de puncte.

Determinarea punctelor de control situate pe o
tangenta

Tn paragrafele anterioare s-a prezentat metoda
pentru determinarea tangentelor la multimea punctelor
de aproximat. Oricare punct de pe una din aceste
tangente poate fi considerat un punct de control al
suprafetei Bézier.

Daca se scrie ecuatia tangentelor, trasata la
multimea punctelor apartindnd curbelor sau
domeniului, dintr-unnod P,, sub forma:

-7,

XX, YrY,

n—the numberofthenode=0,1,2, 3

k-0, 1, 2, 3 the number of the tangent drawn from the k knot
X., Y., Z,— the coordinates of the points to which we
draw the tangent

The coordinates of a point on the tangent can be
established by the following relations:

X= Xn+)\nk(xi'xn)

where A, is a parameter whose value depends on the
position of the control point. Thus, each control point
depends onthe A parameter.
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Y= Yn+)\nk(Yi'Yn)

= }\nk (13)

n- numarul nodului=0,1,2,3

k=0,1,2,3 numarul tangenteitrasate din nodul k

X, Y, Z, coordonatele multimii punctelor la care se
traseaza tangenta, atunci coordonata unui punct ce
apartine acestor tangente are forma:

7= 2,4+ il Z-Z2) (14)

unde A, este un parametru de a cdrei valoare depinde
pozitia punctului de control. Astfel, fiecare punct de
control depinde de cate un parametruA.
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The coordinates of the control points that have
been determined, together with the coordinates of the
knots, help determine the coefficients of the bicubic
polynoms x(s,t), y(s,t), z(s,t) that generate a Bézier
surface.

The selection of that surface which approximates the
initial point set

From what has been previously presented we
conclude that the 12 control points can overpass the 12
tangents, whose analytic representation is function for
\,.. A point on each tangent, together with the 4 knots,
determines a Bézier bi-cubic surface (Fig. 6). Varying
the positioning of the control points on the 12 tangents,
using several steps, we can obtain more sets of Bézier
surfaces, and one of them approximates the initial
pointset.

Coordonatele punctelor de control astfel
obtinute impreuna cu coordonatele nodurilor permit
obtinerea coeficientilor polinoamelor bicubice x(s,t),
y(s,t), z(s,t), ce genereaza o suprafata bicubica Bézier.

Selectarea acelei suprafete care aproximeaza
multimeainitiala a punctelor

Din cele prezentate anterior rezultd ca cele 12
puncte de control pot parcurge cele 12 tangente, a
caror reprezentare analitica este cunoscuta. Cate un
punct de pe fiecare tangenta, impreuna cu cele 4
noduri, determina o suprafata Bézier bicubica. Variind
pozitia punctelor de control pe cele 12 tangente
precizate, se obtine o multime de suprafete Bézier din
care una aproximeaza multimea initiala a punctelor

(Fig.6).

Figure 6. A point on each tangent, together with the 4 knots, determines a Bézier bi-cubic surface
Figura 6. Cate un punct de pe fiecare tangenta, impreuna cu cele 4 noduri, determina o suprafata Bézier bicubica

Consequently, it is necessary to specify the
coordinates of the 12 control points that are selected
from a point set in order to determine the surface that
approximates a point set with the highest precision.

We have developed the following method for the
selection of the points.
In 12 steps, after A, n=[0,3] k=[1,3] we
determined:
- the coordinates of the control points with
relation 14;
- the coordinates x(s,t), y(s,t), z(s,t) of the

Pentru generarea acelei suprafete care
aproximeaza cu cea mai mare precizie o multime de
puncte este necesara precizarea coordonatelor celor
12 puncte de control ce se selecteaza dintr-o multime
de puncte.

Pentru selectia acestora in lucrare s-a elaborat
urmatorul procedeu:

in 12 cicluri iterative, dupd A, i=[1,12] se

determina:

- coordonatele punctelor de control curelatia 14;

- impreuna cu cele 4 coordonate ale nodurilor se
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Bézier surface.

At each step of the cycle we compared the z
coordinates of the Bézier surface resulted, namely
z(s,t), forsand t belonging to the [0,1] interval, with the
z coordinates of the initial points belonging to the
domain.

The 12 cycles are terminated if the maximum
and minimum of the z coordinates of the Bézier curve,
namely max{z(s,t)}and min {z(s,t)}are approximately
equal with the minimum and maximum of the z
coordinates of the initial points, belonging to the
domain.

With the control points determined with this
method, we generate the Bézier surface that
approximates aninitial point set.

RESULTS AND DISCUSSIONS

Using this method the spatial format of the
shoe last can be executed. The boundary of the shoe last
are the curves of the Bézier surface and, using session
for digitization, on defined initial point set (Fig. 7).

determind coordonatele: x(s,t), y(s,t), z(s,t) ale
suprafetei Bézier.

La fiecare pas al ciclului se compara coordonatele
z ale suprafetei Bézier obtinute, respectiv z(s,t), pentru
s, t apartinand intervalului [0,1] cu coordonatele z ale
punctelorinitiale apartinand domeniului.

Incheierea celor 12 cicluri iterative se execut
daca maximul si minimul coordonatei z a curbei Bézier
generate, respectiv max {z(s,t)} si min {z(s,t)}, sunt
aproximativ egale cu maximul si minimul
coordonatelor z ale punctelor initiale, apartinand
domeniului.

Cu punctele de control astfel gasite se genereaza
suprafata Bézier care aproximeaza o multime de
puncteinitiale.

REZULTATE

Metoda a fost verificata pentru modelarea mai
multor forme spatiale oarecare si specifice
incdltdmintei. Tn figurile de mai jos sunt prezentate
rezultate obtinute pentru modelarea formei spatiale a
calapodului definit de 4 curbe (Fig. 7).

Figure 7. Approximating the set of points of the shoe last with a Bézier bi-cubic surface
Figura 7. Aproximarea formei spatiale a calapodului cu suprafete bicubice Bézier
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CONCLUSIONS

The method we developed can be used to
approximate a three-dimensional concave or convex
shape that has been numerically modeled. Moreover,
the method can be applied to a three-dimensional
body on concave and convex portions.

The method is extremely usefulin modeling boot
lasts, in footwear industry.

The method can be improved. Moreover, the
criteria for obtaining that surface for which z maximum
coordinate of the point set is approximately equal with
the z maximum coordinate of the Bézier bi-cubic
surface, does not necessarily lead to creating a surface
that has to pass through the majority of the initial
points. This criterion can be replaced with another one,
based on the difference between the volume obtained
by the initial point set with the xOy plane, and the point
set belonging to the surface generated with the xOy
plane.
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